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Introduction

Fluid-structure interaction (FSI) problems are important in many areas of engineering
and applied science, such as modeling blood flow, aircraft, undersea cables and wind
turbines, etc. In this talk, we focus on solving problems involving fluid interaction with
elastic beams.

fig/twoBeamsInAChannelCrop.mp4 fig/cylBeamTH3f4Crop.mp4

Numerical Methods
� Monolithic Methods

• treat everything as a large system
of evolution equations

• advance the solutions together

• less efficient

• less flexible

� Partitioned Methods

• reuse existing computational codes

• successfully applied in many cases

• stability issue arises for light beam

• referred to as Added-Mass
Instability
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Origin of Added-Mass Instabilities
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Introduction

Origin of Added-Mass Instabilities
in a vacuum

Solid simply moves according to Newton’s laws
of motion

in a fluid

Ma

Solid must displace fluid to move and therefore
appears more massive than in vacuum, the so-
called “added mass (Ma)”
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Introduction

Partial Fixes of Added-Mass Instability
� Robin-Robin (mixed) boundary conditions with coefficients determined from

simplified known solutions

� Interface artificial compressibility, fictitious pressure and fictitious mass

� Time-split interface conditions

� Semi-monolitic, approximate factorizations, Newton type schemes and fixed point
iterations (Aitken accelerated)

References
Causin et al. (2005), Forster et al. (2007), van Brummelen (2009), Badia et al. (2008),
Astorino et al. (2009), Degroote et al. (2009), Guidoboni et al. (2009), Fernandez
(review, 2011), Gretarsson et al. (2011), Baek & Karniadakis (2012), Nobile & Vergara
(2012), Yu et al. (2013), Bukac et al. (2013), Fernandez et al. (2014), Fernandez &
Landajuela (2014), . . .
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Introduction

Traditional Scheme with Sub-Iterations (TS-SI)

• Traditional partitioned FSI algorithms (Cirak, et. al. 2007, Bungartz and Schafer 2006)
1. advance fluid (using interface velocity/position from the solid)
2. advance solid (apply fluid forces to the solid)
3. possibly iterate with under-relaxation to convergence

• Some analysis of added-mass instabilities can be found in the literature, for example
• Causin, Grebeau, and Nobile, 2005 (stability with relaxation)
• Gretarsson, Kwatra, and Fedkiw 2011 (semi-monolithic formulations)

Traditionally, partitioned schemes have suffered from “added-mass instabilities” 
when the solid is sufficiently light when compared to the fluid

2 PRACTICES AND PERILS IN MULTIPHYSICS APPLICATIONS

2.1.1 Interaction of fluids and structures

Numerical simulations that model interaction between incompressible laminar flows and elastic structures require
coupling a description of the fluid—typically the incompressible Navier-Stokes equations or a weakly compress-
ible lattice-Boltzmann equation—with a description of the structures. Sample application areas for this scenario
include blood flow in arteriae, veins, and heart chambers; low Mach number aerodynamics; marine propellers; and
hydroelectric power plants. The unknowns of the involved equations—velocities and pressure for the fluid, dis-
placements for the structure—are associated with different locations in the overall computational domain, resulting
in a surface-coupled problem.

Fluid–structure interaction (FSI) can be simulated in at least two ways. One approach is to solve a large system
of equations for all fluid and structure unknowns as a single system—typically ill-conditioned. Alternatively, in
a partitioned approach, one has separate solvers for the fluid and the structure, together with a suitable coupling
method. In the latter case, boundary conditions for both single physics problems at the coupling surface have to be
defined. The respective interface values are passed from one solver to the other. This approach requires mapping
methods for physical variables between (in general) nonmatching solver grids at coupling surfaces. Important
features desired of such mappings are accuracy, consistency, and conservation of energy and momentum. Two
main classes of mapping methods can be identified: interpolation methods (Farhat et al., 1998b; de Boer et al.,
2007; Jaiman et al., 2006; Bungartz et al., 2010; Scholz et al., 2006), based on geometric relations between the
involved grid points, and mortar methods, in which boundary conditions are formulated in weak form by using
Lagrange multipliers (Farhat et al., 1998b; Baaijens, 2001; Klöppel et al., 2011; Ross, 2006).

The coupling itself can be done with different methods, leading to looser or more tightly coupled timestep-
ping methods; see Figure 2 for two variants. The loosest coupling is a one-way coupling, where the flow solver
computes a force exerted on the structure using a rigid-structure geometry, and structural movements are com-
puted in a postprocessing-like manner based on these forces. This strategy is obviously applicable only for small
and static structure deformations. The most widely used class of iteration schemes is Gauss-Seidel-like coupling
iterations (see Algorithm 1), with variants ranging from a single iteration loop per timestep to repeated iteration-
to-convergence within each timestep, with or without (Aitken) underrelaxation (Irons and Tuck, 1969; Schäfer
et al., 2010; Wall et al., 2001), to interface quasi-Newton methods that efficiently compute approximate Newton
iterations based on sensitivities resulting from Gauss-Seidel iterations (Degroote et al., 2009). To account for what
are usually moderately different timescales in the fluid and the structure, a subcycling in the flow solver can be
used. In the absence of turbulence, spatial scales are essentially the same throughout fluid and structure domains.

The choice of coupling implementation can lead to development of numerical instabilities in multiphysics
codes. For incompressible fluids, the so-called added-mass effect induces instabilities in loosely coupled simula-
tions and in Gauss-Seidel-like iterations: the force exerted by the fluid on a moving structure can be interpreted
as a virtual added mass (see, e.g., (van Brummelen, 2009)) of the structure. For an incompressible flow, each
acceleration or deceleration of the structure causes an immediate change in this added mass (whereas the added
mass change for a compressible flow increases continuously over time). If this change is too large, both loosely
and tightly coupled Gauss-Seidel-like coupling schemes become unconditionally unstable; in other words, a re-
duction of the timestep does not cure the instability (van Brummelen, 2010). In the case of a massless structure,
a reduction of the timestep even worsens instabilities (Degroote et al., 2009). Typically, only a few low-frequency

structure structure

force

displ./vel.

interface quasi−Newton

underrelaxation

t (n+1)t (n)force
fluid fluid

Figure 2: One-way and Gauss-Seidel-like coupling strategies for fluid-structure interaction simulations.

8

diagram from 
Keyes et. al. 2012

Thursday, February 6, 14

� advance solid (apply fluid forces to the solid)

� advance fluid (using interface velocity/position from the solid)

� possibly iterate with under-relaxation to convergence for light solid (relaxed
fixed-point method)

6/24



Governing Equations

splitting and is amenable to second- or even higher-order accuracy. Second-order accuracy in the max-norm
was demonstrated in [5] for linearized problems, while in this paper second-order accuracy is shown for the
full nonlinear problem with deforming domains.

The remainder of the paper is organized as follows. In Section 2 we describe the governing equations. The
AMP interface conditions are derived in Section 3. A second-order accurate predictor-corrector algorithm
based on these conditions is described in Section 4. A specific choice for the beam model is given in Section 5.
In Section 6, the stability of the AMP scheme is shown for a linearized FSI problem involving a beam with
fluid on two sides. The numerical approach used for moving domains based on deforming composite grids, our
numerical approaches for the beam solver, and the treatment of the AMP interface conditions are described
in Section 7. Numerical results presented in Section 8 carefully demonstrate the stability and accuracy of
the AMP algorithm. Conclusions are provided in Section 9.

2. Governing equations

We consider the fluid-structure coupling of an incompressible fluid and a thin deformable structure. The
fluid occupies the domain x 2 ⌦(t) while the structure lies in the domain x 2 ⌦̄(t), where x is position and
t is time. The coupling of the fluid and structure occurs along the interface �(t), see Figure 1. It is assumed
that the fluid is governed by the incompressible Navier-Stokes equations, which in an Eulerian frame are
given by

@v

@t
+ (v · r)v =

1

⇢
r · �, x 2 ⌦(t), (1)

r · v = 0, x 2 ⌦(t), (2)

where ⇢ is the (constant) fluid density and v = v(x, t) is the fluid velocity. The fluid stress tensor, � = �(x, t),
is given by

� = �pI + ⌧ , ⌧ = µ
⇥
rv + (rv)T

⇤
, (3)

where p = p(x, t) is the pressure, I is the identity tensor, ⌧ is the viscous stress tensor, and µ is the (constant)
fluid viscosity. For future reference, the components of a vector such as v will be denoted by vm, m = 1, 2, 3
(i.e. v = [v1, v2, v3]

T ), while components of a tensor such as � will be denoted by �mn, m, n = 1, 2, 3.
The velocity-divergence form of the equations given by (1) and (2) require appropriate initial and boundary
conditions, as well as conditions on �(t) where the behavior of the fluid is coupled to that of the solid (as
discussed below).

x̄0(s, t)

✓

x̄b(✓, s, t)
⌦̄(t)

�(t)
⌦(t)

Figure 1: Geometry of a three-dimensional beam immersed in a fluid. The solid domain is ⌦̄(t). The fluid domain is
⌦(t). The interface between the fluid and solid is �(t). The beam reference-line is x̄0(s, t). A point on the surface of
the beam is denoted by x̄b(✓, s, t) where ✓ 2 P(s) is the parameterization of the cross-sectional surface curve. The
fluid tractions on the surface points x̄b(✓, s, t), for ✓ 2 P(s), contribute to the force on the beam at x̄0(s, t).

4

Fluid: x ∈ Ω(t)

∂v
∂t

+ (v · ∇)v =
1
ρ
∇ · σ, ∇ · v = 0,

σ = −pI + τ , τ = µ
[
∇v + (∇v)T

]
,

Beam: s ∈ Ω̄

ρ̄Ā
∂2ū
∂t2

= L̄(ū, v̄) + f̄(s, t)

f̄(s, t) = −
∫
P̄

(σn)(θ̂, s, t) d θ̂

Interface: v(x̄b(θ, s, t), t) = v̄b(θ, s, t)
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AMP Scheme

We derive an Added-Mass Partitioned (AMP) scheme by matching the accelerations of
fluid and beam at the interface Γ(t):

D
Dt

v(x̄b(θ, s, t), t) =
∂2ū
∂t2

(s, t) +
∂

∂t
w̄(θ, s, t)

⇒
ρ̄Ā
ρ
∇ · σ(x̄b(θ, s, t), t) = L̄

(
ū, v̄
)

+ f̄(s, t) + ρ̄Ā
∂

∂t
w̄(θ, s, t)

Remark: w̄(θ, s, t) is the finite-thickness correction of the beam velocity.

AMP Interface Condition∫
P̄

(σn)(θ̂, s, t) d θ̂ +
ρ̄Ā
ρ
∇ · σ(x̄b(θ, s, t), t) = L̄

(
ū, v̄
)

+ ρ̄Ā
∂

∂t
w̄(θ, s, t)

Partitioned Schemes Using the AMP Condition

∫
P̄

(σn)(θ̂, s, t) d θ̂ +
ρ̄Ā
ρ
∇ · σ(x̄b(θ, s, t), t) = L̄

(
ū(p), v̄(p)

)
+ ρ̄Ā

∂

∂t
w̄(p)(θ, s, t)

where ū(p), v̄(p) and w̄(p) are predicted solid variables.
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ū(p), v̄(p)

)
+ ρ̄Ā
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AMP Scheme

The fluid equations are solved in the velocity-pressure formulation using a split-step
scheme. [Henshaw & Petersson, 2001].

∂v
∂t

+ (v · ∇)v =
1
ρ
∇ · σ, x ∈ Ω

∆p = −ρ∇v : (∇v)T , x ∈ Ω

∇ · v = 0, x ∈ ∂Ω

AMP Velocity Condition (tangential component of AMP condition)

tT
m

[∫
P̄

(τn)(θ̂, s, t) d θ̂ +
µρ̄Ā
ρ

∆v

]
= tT

m

[
ρ̄Ā
ρ
∇p + L̄(p) + ρ̄Ā

∂

∂t
w̄(p) +

∫
P̄

(pn)(θ̂, s, t) d θ̂

]

AMP Pressure Condition (normal component of AMP condition)

nT
∫
P̄

(pn)(θ̂, s, t) d θ̂ +
ρ̄Ā
ρ

∂p
∂n

= nT

[
−L̄(p) − ρ̄Ā

∂

∂t
w̄(p) +

µρ̄Ā
ρ

∆v +

∫
P̄

(τn)(θ̂, s, t) d θ̂

]
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Euler-Bernoulli Beam Model
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Figure 1: 3D Euler-Bernoulli Beam

1

Euler-Bernoulli Beam model with ū = [ūy , ūz ]T denoting the transverse displacements:

ρA
∂2ū
∂t2

= T
∂ū
∂s
− EJ

∂4ū
∂s4

+ f̄,

The inertia matrix of the cross-section A is

J =

∫∫
A

[
y2 yz
yz z2

]
dydz.

Note: y - and z-axes can be chosen such that is J diagonal; i.e., the equations for ūy
and ūz can be decoupled.
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Euler-Bernoulli Beam Model
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Figure 1: 3D Euler-Bernoulli Beam

1

To reconstruct the surface:x(s, t)
y(s, t)
z(s, t)

 = R

 0
y0(s)
z0(s)

+

 s
uy (s, t)
uz (s, t)

 for s ∈ [0, L],

where [x(s, t), y(s, t), z(s, t))]T is coordinate of point P of the beam, [s, y0(s), z0(s))]T

is its initial position, and R is a transformation matrix (R = BT (ϕ), B is bending matrix
and T is twisting matrix depending twist-angle ϕ).
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Deforming Composite Grids (DCG)

and the single constraint Z � h̄
2

H�
p̂(n+1)�dy +

Z H+

h̄
2

p̂(n+1)+dy = 0,

which determines the one unknown ↵(n+1). In this case it can be shown that the AMP scheme is stable with
no time-step restriction for kx = 0, and the solution is found to be

v̂
(n+1)±
1 = v̂0±

1 , v̂
(n+1)±
2 = 0, ⌘̂n+1 = ⌘̂0, p̂(n+1)± = ⌥K̄0⌘̂

0 D⌥

D+ + D� .

Note that, by adding one pressure regularization, the AMP scheme is able to determine the solution uniquely,
and the solution is compatible with the exact solution for kx = 0 given in the continuous case by (50).

7. Numerical approach using deforming composite grids (DCG)

Our numerical approach for the solution of the equations governing an FSI initial-boundary-value problem
is based on the use of deforming composite grids (DCG). This FSI-DCG approach was first described in [6]
for the case of an inviscid compressible flow coupled to a linearly elastic solid, and later in [7] for the case of
compressible flow coupled to nonlinear hyperelastic solids. Here, we extend the approach to FSI problems
involving an incompressible flow coupled to deforming beams.

7.1. Deforming composite grids and the fluid domain solver

Deforming composite grids (DCGs) are used to discretize the evolving fluid domains in physical space.
An overlapping grid, G, consists of a set of structured component grids, {Gg}, g = 1, . . . , N , that cover each
fluid domain, ⌦k(t), and overlap where the component grids meet. Typically, boundary-fitted curvilinear
grids are used near the boundaries while one or more background Cartesian grids are used to handle the bulk
of the fluid domain. Each component grid is a logically rectangular, curvilinear grid in nd space dimensions,
and is defined by a smooth mapping from parameter space r (the unit square or cube) to physical space x,

x = g(r, t), r 2 [0, 1]nd , x 2 Rnd .

Typically, the background grids are static, while the boundary-fitted grids evolve in time to match the motion
of the boundary.

Figure 5: Composite grids for a beam in a channel at times t = 0.0, and 1.0. The green fluid grid deforms over time
to match the evolving beam (shown in white) and overlaps with the background Cartesian fluid grid (shown in blue).
The reference curve of the beam is shown in red and the thickness of the beam describes the position of the surface
of the beam.

In the FSI-DCG approach, component grids next to a fluid-structure interface deform over time to match
the beam motion. This is illustrated in Figure 5 for the case of a beam in a fluid channel. A green fluid grid

20

� Composite grids consist of a set of structured component grids that cover the
domain and overlap where the component grids meet

� Each component grid is a logically rectangular curvilinear grid

� Solutions on different component grids are coupled by interpolation

� The green fluid grid deforms over time to match the evolving beam (shown in
white) and overlaps with the background Cartesian fluid grid (shown in blue)

� The reference curve of the beam is shown in red
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Undeformed Grids Deformed Grids
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Review of 2D results

Stability Analysis
� Small beam deformation

� Fixed fluid domains

� Periodic boundary conditions in the x .

Theorem

When k 6= 0, the AMP Algorithm is stable if and only if

∆t < 2

√
ρ̄h̄ + M̂+

a (k) + M̂−a (k)

L̃
,

When k = 0, the scheme is non-dissipative.

Theorem

Assuming ρ̄h̄ > 0 and L̃ > 0, the TP Algorithm is weakly stable if and only if

∆t < 2

√
ρ̄h̄ − M̂−

a (k) − M̂+
a (k)

L̃
.

Here M̂±a (k) is represents the added-masses in the upper and lower fluid chambers.
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Review of 2D results

Manufactured Solutions

ue(x, y, t) = − a cos(fxπx) sin (fxπ(y − ηe − 1)) cos(ftπt),

ve(x, y, t) =a sin(fxπx) cos (fxπ(y − ηe − 1)) cos(ftπt) − a cos(fxπx) sin (fxπ(y − η))
∂ηe

∂x
cos(ftπt),

pe(x, y, t) = cos(fxπx) cos(fxπy) cos(ftπt),

ηe(x, t) =
a
πft

sin(fxπx) sin(ftπt).

� The exact solution is divergence free.

� Fluid and Beam velocities match at the interface.

Computational results

Grid at t = 0.1

−0.4

0.4

v2 at t = 0.1

0

3.5e−4

Error in v2 at t = 0.1

light beam (ρ̄h̄ = 10−3)

16/24



Review of 2D results

Convergence Rate
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� No sub-iterations needed for light
beam

� Second order accurate for all solution
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Review of 2D results

Run-time Performance Comparison: AMP vs. TP-SI

Run-time performance of AMP versus TP-SI
AMP TP-SI AMP speed-up
s/step s/step sub-its TP-SI/AMP

ρ̄ = 1 2.87 22.6 62 7.87
ρ̄ = 100 1.33 1.48 0 1.1

� Flow past a light and heavy beam in a channel computed using grid G(8) (150K
grid points)

� The majority of CPU time is spent in solving the pressure equation
� Pressure is solved with a bi-Conjugate-Gradient-stabilized Krylov solver and an

ILU(3) preconditioner with a relative convergence tolerance of 10−6
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Review of 2D results

Four Beams in A channel

fig/4bic_AMP_NB_G16_Crop.mp4

Computed using grid G(16) (760K grid points).
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Beam tip motions
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Working towards 3D

Numerical Challenges Extending to 3D
� To implement the AMP condition, we need to evaluate

nT
∫
P̄

(pn)(θ̂, s, t) d θ̂ and nT
∫
P̄

(τn)(θ̂, s, t) d θ̂

� Need efficient and accurate quadrature to evaluate the
line integrals on the beam surface grid (overset grids for
more complex beams).

� Grid generation for deforming beams

� Parallelize for large scale problems
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Working towards 3D

Preliminary Results in 3D

fig/beamins3d.mp4

Prescribed Motion
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Working towards 3D

Preliminary Results in 3D

fig/beamins3d.mp4

Traditional Scheme
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Thank you!

23/24


