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Motivation

Develop a robust and efficient computational tool that can accurately simulate
tightly coupled nonlinear physics in a single solver, specifically large deformation
FSI.

Goals

* Extend overset discontinuous Galerkin'? (DG) schemes to HDG
* Extend HDG FSI3 into the overset mesh framework

Scope

* Derive an overset-HDG method and show no loss off accuracy

* Construct the essential communication infrastructure between meshes for
the overset-HDG method

Out of Scope
° General overset issues
e Efficiency of HDG

1. Galbraith, Benek, Orkwis, and Turner, Computer & Fluid, 2014.
2. Brazell, Sitaraman, and Mavriplis, Journal of Computational Physics, 2016.
3. Sheldon, Miller, and Pitt, Journal of Computational Physics, 2016. ler
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Overset Meshing

Communication between meshes
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Blue cell donates information
to Red node — How?
This is the focus of the
coupled overset HDG
algorithm!
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Why HDG?

Continuous Galerkin
(CG)

Discontinuous
Galerkin (DG)

Structural mechanics

*Solution optimization
(static condensation)

*Well established and
robust

*Local conservation is
not ensured in an
Eulerian reference
frame*

*Robustness of CG and
locally conservative
like the finite volume
method

Efficient scalability of
high-order
approximations

eLarge linear system

4. Hughes and Wells, Computer Methods in Applied Mechanics and Engineering, 2005.

Introduction

Hybridizable
Discontinuous
Galerkin (HDG)

*Reduces the global
linear system through
hybridization

*Maintains robustness,
local conservation,
and efficient
scalability of high-
order approximations

*Lack of commercial
software

*Implementation

NIST
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. ! i i: Hybridization

Hybridization
* Independent approximations exist on the border of
the elements as well as in the interior of elements for
at least one field
* The solution is decomposed into two parts
e Global solution trace on the cell boundaries
* Local solution on the interior of each cell
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Global DoF Comparison

CG DG HDG

o= =0 — -0

? ?
S O IR b N
e od &—0—05 I I  u — 2 global DoFs per (e
b — o= u o e— 10 local DoFs per (m, o)
¢ © o l o 4 9 9
O | I
Q Q
u, 0, € — 10 global DoF's per (e) 1 1
= =0 — -0
Unknown Symbol CG DoF's per cell DG DoF's per cell HDG DoF's per face
Disp. u, 0 d(k+1)" —sp[d(k+1)] d(k+1)° d(k+1)""
Stress o A2 (k+1)" — spld? (k +1)] 42 (k+1)* -
Strain € 2 (k+1)" — spld? (k +1)] 42 (k+1)° -
NIST
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Global DoF Comparison

CG DG HDG
PR 'o- - = -o'
) | |
o o ¢ 7 e 0 o .
o a—", O&=——0—0 I I u — 2 global DoFs per (e)
| SR | | S :o-—o-—-o: u, 0, ¢ — 10 local DoFs per (=, ¢)
O e I I
? Q
u, 0, € — 10 global DoF's per (e) 1 1

0= = & = =@

CG DG HDG
k 2 3 4 2 3 4 2 3 4
Disp. uw, u 30 56 90 36 64 100 42 58 70
Stress o 60 112 180 72 128 200 - - -
Strain € 60 112 180 72 128 200 - - -
Total < 150 < 280 €450 <180 < 320 < 500 42 H8 70
% change to CG global DoF's +20% +14.3% |+11.1%|| -72% -79.3% | -84.4%

There is an 84.4% reduction from CG to HDG NIST

Introduction

Overset-HDG Computational Studies
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y i HDG Derivation
Strong Form of Three-Field Elasticity: —Dive —b =0, X e,
1
1 e — — (Gradu + (Gradu)") =0, X € Q,
_EC {Div [Gradu + (Gradu)"]} =b, VX € Q, 2
w=gp, VX eon,_Loorder | 0-Ce=0 X,
system u=1u, X e€oOp,

1
—C|[Gradu + (Gradu)"In=1t, VX € 0Qy.
> (Gradu)') " om=t X ey

Multiply by test
functions {w, C, E, w},
Weak Form Over a Cell: integrate over cell K,

then integrate by parts

(Gradw,ah)K - <W,3hn>aK = (W,b) g,
(), <%(c £ CT)n, (0" — ah)>
oK
1
- (C, 5 {Gradthr(Gl"ad“h)TD =0, What are d" and 5" ?
K
(E,o"), — (E,Ce") . =0,

<w’ahn>8K\8QD = (W, t) 90,

<w,ﬁh>8QD = (W, W)yq,, -

NIST
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HDG Derivation

i - Global solution, trace of the hybrid solution

Weak Form of Three-Field Elasticity:

Three-Field Linear Elastostatics
Find (uh heh @b ) € U, X 6, X & X My such that
(Gradw, ah)Th — <W, oln— 7 (uh — ﬁh)>87_h = (w,b), ,

ny /1 T a — P
(€. = (e s enm @ —a)

— <C, % {GraduhnL (Graduh)TD =0,

Continuity of numerical trace Th

\ (E,o ) — (E, Ce ) =0,
<w,ahn—T(uh—u (w, >8QN’

)>6'Th\3QD

w,u >aQD (W, W sa,,

V(w,C,E,w) € %, X 6w X &, X M. NIST
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v %8 Overset HDG
e = global DoFs

Communication occurs
between the global DoF from the red cell
at this location and a new corresponding local DoF
from the blue cell at this location.

~h
u — |
u®, ot e
If this location was not an
overset boundary the resulting
term would be included in

(w,0"n — 7 (0" - ﬁh>>a7'h\GQD

since there would be a neighboring  Instead <w ohn — 7 (ﬁh — ﬁh)> |
) ) > ? o0
cell to communicate with. o

NIST
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/4 m Three-Field Elasticity

Overset Three-Field Elasticity
Find (uh, o™ ", a") € %} x 6} x & x M such that 4 L d

(Gradw, Uh)le —(w,o"n— 7 (u" - ﬁh)>a7'h¢ = (W,b)7:,

n /1 Nn (0" — gP
(€., — (5(C+Cm )>W

— (C, ! [Graduh—F (Graduh)TD =0,
2 7

— (B,Ce") ., =0,

(E70h>7"

(w,o'n — 71 (u" - ﬁh)>a7;f\amD +{w,e"n—7 (" -1 )>396 = (w, t)g0:

<w uh>aQ§D = (W, W)yq: -

V(w,C,E,w) € %' x 6 x &' x M.

02, NIST

. National Institute of
Introduction Overset-HDG Computational Studies Future Work U"S'"g'"ds and Technology
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* Computational Studies
* Elasticity
* Navier-Stokes

. Arbltrary Lagrangian-Eulerian (ALE)
Navier-Stokes
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5 Ve Three-Field Application

Compared to an analytical solution
T=1N oy (4,4)
* Q)

OOy

ri=/1%+ y>? (S’Zarctang a =1m

h

Apply traction boundary conditions at ¥ = 4 and y = 4 since the exact stress field is

_ 3 _
©c =1 @_2 §(:0829—|—(:0849 —|—§a—4cos49 b =10 Fa V=03
Tww = r2 \ 2 2 r4 ’ The Lamé constants are
Ev
2 /1 3a* \ =
Oy = _a_2 (5 cos 260 — cos 49) — §CL—4 cos 460, (1+v)(1-2v) I
T T T 1=
E H
2 /1 3a’ M=
Oy = _a_2 (5 sin29—|—sin49) + 5@_4 sin 46, 2(2+v)
r r

NIST
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Meshes

Overset Mesh
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107,640 total global DoFs

4,388 total Cells

0.5
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Computational Studies

45.89% global DoFs reduction

46.44% Cell reduction
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Computational Studies

Results
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A ALE Formulation

Material
Configuration

-~

Spatial Necessary transformations
Configuration  gnd definitions

F, = @ = I+ Gradu,,
0X

gradp = F_TGradpy,
'-\ Reference gradv - (Gl‘ade) Fr_l’ll’
"\ Configuration  divLL = GradLs: FI;T’

---------- J divv = Gradvy: FI:IT.
_— X
dv = Jpdvy,, da=J,day, ¢ =¢—F TGradg - ot
nda = anf day, = JunF "¢ day,. 0X
a/ = a — [(Grada) F;ll} E
NIST
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MMS

The method of manufactured solutions (MMS) provides code
verification for each problem being solve.

Choose Solution

Calculate source and
boundary terms

Code performs as
expected

~_

Perform grid
refinement study

Fix bugs

NIST
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.0.0.0.0# ° e o °
" Elastostatics Verification
F-1-—Gradu=0, 1in (), 1 3 3 3
. | (z3) ooy (5:3)
—§C{DIV{[F—I]—|—[F—I]T}} =b, in (),
u=gp, ondlp,
SC{F-T+[F-Tn=t ooy -
< =
—x — sin(Z [z — y]) cos(Zt) © S
Ueract —
o5 o -+a]) eos(50) 0

p=05rc  A=1lra At=10"s (L 1) 50y (2 1)
L (qé COS(%t) {()\ + 1) COS(% z + y]) — (AN +3p) sm(% [z — y])})
7{—2 cos(5t) {(A+ p)sin(F [z —y]) + (A + 3p) cos(5 [z +y]) }

NIST
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Verification Results

la — uy ||z [u — up||z:
T . T
o G/‘//é“_’/#‘/@ | oy Wf_—e/*’e/"/e i
L S
g 107 r . 1 g 10°¢ ° E/./E/./E‘/-/E i
%10*8— o *élo’s—l" 1
2 2
H T o1p-10 | 1 8 90 | i
O L] i X
1071 | ‘ E 1071 | ‘ i
0.02 10°1 0.3 0.02 10°1 0.3
h ) h .
i - k=101 k=40 k=30 - k=10 k=400 k=3,
io e o = k=20 -0 k=10 k=40 = k=20 -0 =10 k=40
e k=30 -m-k=2/Q k=30 -m- k=20
BEE S8 S g8 ¢ ESSSEiEsEcmat
e ‘ o2 10-1 [F — F2
]. i :; a4 1074 | ] 04} ¢-- M i
5 ?, i ; ;
i 5 10° ¢ 1§ 10°} E/./E/./E/./EI |
EEEEE = g .- -
ERRURN 18 st i
= | 1= | 1
10712 | 1 10 | ]
0.02 10"1 0.3 0.02 10"1 0.3
h ‘ h
- k=10 k=49 k=3, k=10 k=4, k=3,
—El—k:27(21-o-k:17§22 k=4,Q —El—k:27f23-0-k:17ﬂ4 k=4,Q
k=30 -m-k=20Q k=3,Q° -m-k=20Q
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Strong Form of Navier-Stokes: Assume density is constant spatially
L — gradv = 0, /V
pa—-l—dlv[ pL+pl+p(vev) =1, x €, l 0

ot
0 di = pdi + pgrad + 5‘/(1
%Jr(g/fdp)wpdivv:o, — iv [p(v®@v)] = pdiv (v) v + pgrad (v) v + [v @ gfadp| v
v=vp, Va e o,

(—pL+pI)n=gyn, VacdQy.

Navier-Stokes

Assume entropy is constant®

I

o ‘
B 5 o D=
Strong Form of Isentropic Navier-Stokes:
L — gradv = 0, Vo € (),
ov °T B/p
pa—i—dw( pL 4 pI) + pLv H{p (divv) v|= 1, Va € (),
Jp Flows of interest are
e[t divv=0, vz el low Mach number.>6
Changes from an v=gp, Vaedlp,
incompressible formulation (—uL+pDn =gy, Va € 0.
2. :(r:;gna;(rlm'\:: raar:(a:l l\;jlr;fdzoggl?nr;nﬁ:ﬁ?ajt?our: Zi) ,i?fr)j and applied Mathematics, 1981 lsr
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5 "I‘ B i: Isentropic Navier-Stokes

Weak Form of Isentropic Navier-Stokes:

Overset Isentropic Navier-Stokes
Find (L, v" p", V") € G x 4 x Pl x M such that

(G gradv") ; — (G, L"), — (G, v'®n—V'®@n), ., =0,

h
(y, p%) . + (grady, pL?) 5 — (divy, p") .
h

(3, L) (3 [div ] V) Thn>am. = (. )
8 h AN
<q, S%Li — (gradq, v") 1 + (. V" " m) i = (0,7) 73,
h
<n76h>a7ii - <n7gD>6QiD )

NS (o e IS
<77 o700, n . <77 gN>aQN

O

V(G,y,q,m) €4 X % x P x N where
T'n = —uL"n + p'n + S; (vh—v"),

T'n = —pL'n + phn + S; (V0 - ¥)|.

where St is defined as
St =2 + p||vP.

NIST
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Benchmark
Y enchmar
2.2
4 >‘
0.21 /
: : y
v G No-Slip ‘ -(uL+pD)-n=0 |/0.41
02| = X
i \4
‘ ' kg m - s
0.2\, =0.001 Pa-s =15 e=454x107 5 At = 0.0025 s
vl
0.54958 ]|‘|099|2 16487

) = |
0.54958 1.0992 1.6487

7. Schéfer, Turek, Durst, Krause, and Rannacher, Flow Simulation
with High-Performance Computers I, 1996. lsr
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Results for Benchmark

| Wi
Mgy
LTI
TR

N
0 s i S S T
I e
—4 ¢

0.54958

|
0.54958 1.0992 1.6487

NIST
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Results for Benchmark

Order # Global DoF's CMaz OMin }  OMaz CMin
O U Q2 40,232
OHDG L i o010 0 11099| 305870 3.05537 | 0.26514 | -0.24157
Lehrenfeld & Schroberl 1 2,211 2.52094 | 2.47871] 0.65728 | -0.81672
Q' U Q2 60,348
OHDG 2 QL 43710 02 16,638 3.24096 | 3.16132 | 1.06156 | -1.02484
Lehrenfeld & Schroberl 2 4,148 3.22841 1 3.16260 | 1.00571 | -1.03894
O U Q2: 80,464
OHDG 3 gnssos0 02 onisa| 322271 314748 101633 | -0.97931
Lehrenfeld & Schroberl 3 6,558 3.23184 | 3.16842 ] 0.98822 | -1.02427
QU Q2 100,580
OHDG 4 Ol 72850 Q2 27.730 3.21757) 3.14693 | 0.99833 | -0.95634
Lehrenfeld & Schroberl 4 9,441 3.22714 1 3.16401 | 0.98431 | -1.01906
Schitfer ef al Q2/P1 167,232 3.22662 | 3.16351 | 0.98620 | -1.02093
' 667,264 3.22711 ) 3.16246 | 0.98658 | -1.02129
. Schafer, Turek, Durst, Krause, and Rannacher, Flow Simulation with High-
Performance Compgters 11, 1996. . . .
' rgheeting 2016, o ApRledMecRene ond NIST

National Institute of
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.S. Department of Commerce
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w5 R Its for B h k
% eSUults Tor bencnmar
Cp Max C, Max
e B P —————— 1.1 T
3.2 | ,z’,'. urmmmerrars 9 | "----____._
PR 1t /’l --------------- B - oo '
3.1 - e - "' E /'/
pe ',, 0.9 - /,’,/ R
31 1 0.8 | ’ 1
) ) /
%29+ ’ . 507 L ) i
= = [ | ‘
' /

8 2.8 ) - (§ 0.6 - ,/ 7
27 | | 05 K ]
06 -® - Overset-HDG 04 L ,' -0 - Overset HDG |
' --m-- Lehrenfeld & Schoberl 0.3 ,' --m-- Lehrenfeld & Schoberl |
o5 ™ —— Schafer et al. - o —— Schafer et al.

Il Il Il Il 0.2 Il Il Il Il
1 2 3 4 1 2 3 4

Polynomial Order, k Polynomial Order, k

7. Schafer, Turek, Durst, Krause, and Rannacher, Flow Simulation with High-
Performance Computers I, 1996.

8. Lehrenfeld and Schoberl, Computer Methods in Applied Mechanics and
Engineering, 2016.
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ALE Navier-Stokes

Overset Isentropic ALE Navier-Stokes

Find (L, vE,pt, Vi) € 9 x Ht x Pl x M such that
(G, JuLi) 7 = (G, JuGradviFLl) 1+ (G, o (Vi = V1) @ Frng) o = 0, st - yeH
6 £ h h h &:é‘
(y, Impr ) + (¥, JwprLf [Vi = Vi) 7+ (Grady, JupeLiF,T) 1
(Grady, T 7)o+ (¥, Jupr [Gradv: FLT] vp) o
+ <y7 JmT?Ff;Tnf>aTh — (y7 Jmf)Th’ , i 6 gﬁi ;;;;ﬁ;;;; 222
o M
(q7 J € ot ) - (Qa Jrnapi1 I:F;‘TGI'&dpf] m) (Gradq7 J F Vf)Tz + <q7 m [{,\P : F;Tnf] >(97;1. = (qa Jm’)/)'Thz ) o ﬂ#- lﬁ
T i
<777 Jme>Qzuf = <77a ngD>Qb[ ) 1 I Gt FHH
ThE-Tn. -7 - N
<77a JmTme nf>67;f\91bf + <n7 JmTf nf>6§2iof = <77a ngN>Q§\r[ ) Q ﬁ: =

V(G7Y7Qa77) Egﬁ X @hl X yﬁ X JK: where

T?F;Jnf = —/,LfL?FiTnf + p?FiTl’lf + S¢ ( h_ 6?) R
T?F;Tﬁf —qu F Tl’lf +p F Ilf + St ( — V?) .

where St is defined as
St == 2ur + pel|vE]-

(53) oan (5.3)

Q

= 3
()

(53) v (3:3)
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Overset Mesh Motion

Find (b, Fh ah) € %! x 6 x M such that
(C,FL — I)T; -(c, Graduﬁq)ﬁ — (Cny, (ul, — ﬁ?n)>a7'}j =0,8
(Gradw, I {[Fh -1+ [Fh -1 T})
2 7
- <W7§?nnm> T (W7 b)T} )
wvﬁm>ﬂi - <w7tD>Sl’” )
<w’13}“l“n"‘>671\ﬂi + <w’f’hmﬁm> ob | <w’tN>95vn] ’
h Dm Om
where
Pln, = %C{ Fh 1)+ [Pl — 1) b, — S (u, — 5)
ﬁgmnzéc{[F;—I]+[F;—Ir}ﬁm—sm(w’ a)|,
and Sy, = 504, L.
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v
v = "z
1072 | °
O’/-?’.M =
1074+ g
g
1076 L 8
g
o =
10710 L
0.02 10‘*’ 03
h
—e—k:l,Q} k:4,§2; k:S,Qg
S k=20 -e- k=100 k=4,Q
k=3Q -m-=20°
) F—F":
10 [ Il .
101 M L I
1076 ] g
=
1078 1 g
10710 1%
1012 i
0.02 107! 0.3
h
- k=10 k=40 k=302
S k=20 -0 k=1 k=4,Q
k=3,Q -m-t=20Q
=
104 M ]
=}
0% m- " 1
2
1010 1:5
~

Introduction

lp = 9"z L — TPl e
1072 _ o ® °
M . 102 | M LI
1074 ¢ } E E
o) 5 5
z 10°° 18
o = =
1078
10-10
. 10-10 .
0.02 10-1 0.3 0.02 107! 0.3
—e—k:lQ} k:4¢9; k::’,ﬁag —e—k:lQ} k:4¢9; k::’,ﬁag
—E—k:QQlfOVk:LQZ k=4,Q —E—k:QQlfOVk:LQZ k=4,Q
k=3Q -m-£=20Q k=3Q -m-£=20Q
10°
1072 1072
1072 b
101 g 10! g
E S 10|
109 5 10°° 5
5 5 o100 |
1078 D108 N
1078 +
10710 10-10
. . 10-10 .
0.02 107! 0.3 0.02 107! 0.3 0.02 107! 0.3
. h . } . h . } . h . }
- k=10 k=408 k=301 - k=10 k=408 k=308 - k=10 k=408 k=301
—E—k:ZA,ngo'k:l,Q, k=4,Q —E—k:ZA,ngo'k:l,Q, k=4,Q —E—k:ZA,ngo'k:l,Q, k=4,Q
k=30 -m- k=20 k=30 -m- k=20 k=30 -m- k=20
IE —F")|z:
| e--oTTT , H
1076 | .- 1 I’I i
1078 H
10710 +

Overset-HDG

Computational Studies

Future Work

NIST

National Institute of
Standards and Technology
U.S. Department of Commerce



@,

@
.'
4

D0
9,09, 'Y oL °
W ALE Verification Results
10°
1072 + 1
z ¢
S 10t - 1
S = 0 I — LM
5 107 | T 2 .-
9 O (h?) R
1078 i 5w
10-10 ‘ ‘ ‘ ‘ L ‘ e 10 03
0.02 10~ 0.3 e N CE X PR ST
h k=30 -m k=201 i
- k=10 k=40 k=301
k=20 -e- =101 k=40 : gisisas
k=30 -m- k=20 M3 coaad AR
1 kg m - s e i E it
pw=—=PFPa-s p=1—7= e=1
m kg 1
At=10""s Q s NIST

. . . National Institute of
Introduction Overset-HDG Computational Studies Future Work Mmdutucind Tehwslogy
.S. Department of Commerce



N
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% ! B i: Summary

Essential building-blocks for FSI problems have been verified,
and optimal order convergence is maintained for an arbitrary
amount of overlap.

Future Research

* Validation of overset-HDG ALE
* Formulation of fully coupled overset-HDG FSI
* Implementation will require

- Dynamic meshes and Hole cutting

* Efficiency Improvements
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